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ABSTRACT
Numerical Simulation of a High Strain Rate Biaxial Compression Apparatus
by
Michael Joseph Lagieski
Master of Science in Aerospace Engineering
Washington University in St. Louis, 2018
Research Advisor: Professor Guy Genin
Few experimental methods today are capable of exploring the strength of materials at high strain
rates (105 s-1). Those that are capable, such as the Split Hopkinson Bar, Taylor Anvil and Plate
Impact suffer from instability and are generally limited to one dimensional wave propagation. Of
particular interest is material response under biaxial compression, similar to that seen in inertial
confinement fusion. Laser fusion fuel pellets typically undergo large strain rates as well as plastic
deformation and non-linear behavior. This work briefly outlines an experimental procedure designed
to replicate these large strain rates under biaxial compression using spherical symmetry and the
piezoelectric effect. Numerical simulations using the commercial finite element analysis tools
Abaqus and ANSYS are performed to provide proof of concept. Comparison between future
experimental data and that from numerical simulation will provide insight into the applicability of J2
plasticity in high strain rate environments.

viii

Chapter 1: Introduction
1.1

Inertial Confinement Fusion

1.1.1

Historical Overview

In the mid-1950’s, modern television inventor Dr. Philo Farnsworth was able to generate high
energy plasma by developing what was known as “fusor” tubes. The high levels of energy output
these tubes created sparked early concepts of inertial confinement fusion. Inertial confinement
fusion is the process of utilizing high-powered lasers to compress a fuel pellet of deuterium and
tritium in a very small period of time. This heating of the fuel pellet shell causes the outer layer to
explode radially outwards. Consequently, the remaining material is compressed inwards to 0.001% of
its original size. Simultaneously, a shock wave forms and travels inwards towards the core. Barring
perturbations or instabilities, the shock and compression causes extremely high internal temperature
and pressure [1]. A diagram of the inertial confinement fusion process can be seen in Figure 1.1.

Figure 1.1 – Inertial Confinement Fusion [2]
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Fusion will occur only if the Lawson Criterion is satisfied [1, 3].
𝜌𝑟 > 3

𝑔
𝑐𝑚!

(1.1)

Where 𝜌 is the compressed fuel pellet density and 𝑟 is the compressed fuel pellet radius. These
conditions are only maintained for a brief period of time, represented by the proportionality below.
𝜏~

𝑟
𝑣

(1.2)

Where 𝑣 is the thermal velocity of the ions. Typical fusion lasers have a power output on the order
of 1011 kW, with pulse durations lasting less than 10-9 s. The energy delivered during this time allows
fuel pellets to reach temperatures on the order of 107 K [1].

By the late 1970’s, massive large-scale ICF laser mechanisms were being developed across the globe.
The Shiva laser system built at the Lawrence Livermore National Laboratory and its larger successor,
the Nova laser, both failed to accomplish their goal of demonstrating compression capable of
achieving ignition. Despite the failure, both of these attempts gathered vital information necessary to
move the experiments forward. In 1997, the National Ignition Facility began construction at the
Lawrence Livermore National Laboratory. Unfortunately, the project ended on September 30, 2012
without achieving ignition [1, 3].

1.1.2

Current Setbacks

There are many hypotheses on why the National Ignition Campaign and other successive attempts
failed to reach ignition temperatures. Once such hypothesis is a lack of understanding on the
strength of materials undergoing high strain rates in a dynamic environment. In an imploding
spherical shell, such as a fusion pellet used in inertial confinement fusion, materials experience
sudden biaxial compression [4].
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In order to better understand the strength of materials as increasing functions of strain rates in
biaxial compression, a novel strength experiment is proposed [4]. The experimentally collected data
will be compared to that obtained from a finite element model. These differences, if any, will
indicate the extent of applicability of J2 plasticity and suggest the need for revised theory when
modeling materials at high strain rates.

1.2

High Strain Rate Strength Experiments

1.2.1

Split Hopkinson Bar

Gaining popularity in the 1970’s, the Split Hopkinson Bar is a technique used to record the
propagation of stress waves in materials. The method made the measurement of dynamic material
properties under strain rates in the area of 103 - 104 s-1 possible. A specimen is clamped between two
test bars. One end of the test bar is struck, resulting in a transmitted stress wave through the
specimen and a reflected wave sent back through the test bar. The transmitted wave and reflected
wave can be measured on the input and output test bar through strain gauges [5, 6]. Figure 1.2
shows a schematic of a Split Hopkinson Bar compression experiment.

Figure 1.2 - Schematic of Split Hopkinson Bar Experiment [7]
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The Split Hopkinson Bar was originally analyzed using a 1D approximation, modeled by the
equations below [5].
𝐴𝐸𝜀!
𝐴!

(1.3)

𝜕𝜀 2𝑐! 𝜀!
=
𝜕𝑡
𝐿!

(1.4)

𝜎 𝑡 =

𝑐=

𝐸
𝜌

(1.5)

Where the axial stress in the bar as a function of time is given as 𝜎 𝑡 , the cross-sectional area is
given by 𝐴, the material Young’s Modulus is 𝐸, and 𝜀! is the transmitted strain measured in the
output bar.

!"
!"

is the specimen strain rate, 𝑐! is the elastic wave speed of the test bar material, 𝜀! is

the reflected strain measured in the input bar and 𝐿! is the length of the specimen. 𝜌 is the material
density.
The technique, originally used for compression, has since been translated to tension and torsion
experiments as well. Unfortunately, all three of these methods are limited in accuracy due to
impedance mismatch and material instability at high strain rates and are thus unsuitable as a material
strength experiment in biaxial compression [4].

1.2.2

Taylor Anvil

Developed in 1948, G. I. Taylor proposed a method for determining the strength of materials under
high strain rate deformation [7]. The Taylor Anvil impact test involves impacting a circular cylinder
against a rigid body. The deformed shape is measured after impact and in conjunction with the
equation below can be used to determine dynamic strength [5].
𝜎=

𝜌𝑉 ! 𝐿! − 𝑥
2 𝐿! − 𝐿!
4

𝐿
ln 𝑥!

(1.6)

Where 𝑉 is the velocity of the test specimen before impact, 𝐿! is the specimen’s final length, 𝐿! is
the specimen’s original length and 𝑥 is the distance to transverse elongation. A schematic of the
undeformed and deformed specimen typically seen in a Taylor Anvil experiment can be seen in
Figure 1.3.
Taylor assumed the relationship between material strength and dynamic yield stress was based on
one-dimensional wave propagation. However, a biaxial state of stress is developed inside the
cylinder, and is not accurately represented by one-dimensional wave propagation [5]. Taylor Anvil
experiments, like the Split Hopkinson Bar, are limited due to the tendency of strain divergence,
cracks and instability [4].

Figure 1.3 - Schematic of Taylor Anvil Impact [9]

1.2.3

Shock Measurements

Plate impact testing is a tool to measure elastic shock waves in a material specimen. A small circular
plate is fired at high velocity, impacting with a fixed specimen target. This impact produces shock
waves in both the impacting plate and the specimen, which can be measured by VISAR systems. A
schematic of the plate impact test can be seen in the Figure 1.4[5].
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The strain rate across a shock front can be expressed by
𝑢!
𝜕𝜀
=
𝜕𝑡 𝑈! 𝜏

(1.7)

Where 𝑢! is the particle velocity, 𝑈! is the shock velocity and 𝜏 is the rise time of the shock [5].
Typical strain rates produced by plate impact testing can be in the range of 106 – 108 s-1, which is
orders of magnitude higher that a Split Hopkinson Bar test. However, the deformation is
constrained by surrounding material to the center of the impact plate and is therefore onedimensional for a given period of time until lateral waves reach the center of the plate [5]. This onedimensional time period is defined as
𝑡!! =

𝑟
𝑐!

Where 𝑟 is the radius of the plate and 𝑐! is the shocked state elastic wave speed [5].

Figure 1.4 - Schematic of a Plate Impact Shock Experiment [5]
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(1.8)

1.3

Piezoelectric Dynamic Biaxial Compression

1.3.1

Piezoelectric Dynamic Biaxial Compression

In inertial confinement fusion, the spherical target undergoes biaxial compression; a phenomenon
the previously listed experiments are incapable of producing. The symmetrical aspect of spherical
compression not only provides material insight into plastic deformation, but can also allow
exploration of high strain rates due to the absence of instability [4].
The experimental method proposed here utilizes a radially polarized piezoelectric shell driven by an
electric field produced between concentric inner and outer shells. The innermost shell will consist of
a ductile test material and will be thin compared to the other shells. The middle shell will be made of
piezoelectric material. The outer shell will be made of a stiff and strong material relative to the inner
test shell. This configuration can be seen in Figure 1.5 [4].

Figure 1.5 - Schematic of Dynamic Biaxial Compression Apparatus [4]
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The purpose of the outer shell is to provide containment, reflection of radial expansion and the
outer electrode required to generate the electric field. The thin test shell provides the inner electrode.
No electric lead is required for the inner electrode, since the discharge time of the piezoelectric
material is much larger than the duration of the dynamic experiment. This allows for spherical
symmetry inside the outer shell, eliminating any instability or deviations from uniform flow. The
outer containment shell as well as the piezoelectric shell can be fabricated in two pieces allowing
assembly and disassembly before and after the experiment [4].
At an instantaneous time zero, the electric field is applied across the piezoelectric shell. As a result,
the piezoelectric material generates an internal mechanical strain. This strain pulse propagates into
the thin test shell accelerating it rapidly inwards until all energy is converted into plastic work. The
entire experiment can then be disassembled for inspection and data collection [4].

1.4

Numerical Simulation

Few engineering problems that are based in physical reality have a closed form analytical solution.
Due to the complexity and non-linearity that is associated with these problems, engineers have
turned to computational and numerical solution methods. One such numerical method is known as
the finite element method, or FEM. FEM allows incredibly complex partial differential equations to
be discretized and solved approximately in an integral form. Mathematicians originally introduced
FEM in the mid 1900’s, without a true purpose [10]. Soon after, engineers realized that FEM could
be used as a powerful tool and began to apply the theory to structural analysis. The first commercial
finite element analysis (FEA) code was known as NASTRAN, originally developed for NASA in the
1960’s [11]. However, the underlying theory of the application was still not widely understood.
By the 1970’s, the mathematical underlying’s of FEA had been flushed out, with significant
theoretical understanding and development continuing on. FEM is no longer solely used for
structural analysis, but is applicable in many other fields of continuum mechanics such as fluid
dynamics, electricity, magnetism and heat transfer [12].

8

The term finite element comes from the practice of separating the domain into discretized pieces, or
elements. The collection of discretized pieces is known as a mesh, while the vertices of the elements
are known as nodes. The partial differential equations that govern the numerical simulation are
converted to a weighted integral by defining a set of basis functions on the solution domain. These
basis functions are generally 1st or 2nd degree polynomial functions designed to be non-zero within
an element boundary and zero elsewhere. The basis functions are then mapped to the geometry in
question, modeling the physical domain by a set of discretized elements. Examples of bases include
Legendre polynomials and Hierarchical functions [12, 13].
Having transformed the original partial differential equations to approximate algebraic equations,
computational methods can be used to determine a solution. FEA codes assemble large matrices,
which represent the domain stiffness, deformation and applied loads. In combination with applied
boundary conditions, the stiffness matrix can be inverted and the resulting deformation can be
solved for. In the case of structural analysis, by differentiating the deformation field and relating
material properties, the stress and strain field in the domain is known. In general, the accuracy of a
solution is depended on the physical geometry, polynomial degree of the basis functions (P-Level),
degree of mapping and the refinement of the mesh. Since the stress and strain are determined by
taking the derivative of the deformation field, it is important to thoroughly check the solution for
continuity across elements and boundaries.

1.5

J2 Plasticity

Commercial finite element codes in use today utilize this mathematical framework to predict
material response under different loading scenarios. One such complex loading scenario is that of
non-linear plastic deformation. A typical ductile material response can be visualized by the stress
strain curve illustrated in Figure 1.6. Plastic deformation is the result of loading that exceeds the
yield strength of a material. The deformation undergone in this regime is permanent, unlike that of
elastic deformation. Plasticity is generally caused by the shear deformation and slipping of crystal
lattice planes, which results in permanent dislocations in the material structure [14, 15].
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Figure 1.6 – Stress-Strain Curve for a Ductile Material [15]

In 1864, Henri Tresca began studying the plastic response of materials experimentally, concluding
that yield would occur in ductile materials when the maximum shear stress reaches a certain value.
From this, Tresca determined his plastic yield criterion, seen below [15].
𝜎! − 𝜎!

!"#

=𝑌

(1.9)

Where 𝜎! and 𝜎! are the major and minor principle stress in the body and 𝑌 is the material yield
strength. For fifty years, the Tresca yield criterion was widely accepted as the governing equation for
ductile material failure. However, in 1913, Ludwig von Mises pioneered a new criterion for failure
governed by the second invariant of the deviatoric stress tensor, known as J2 [15].
1
𝐽! = 𝜎!!
3

(1.10)

Where 𝜎! is the yield strength of the material. Setting the yield strength equal to the material stress
state in terms of the Cauchy stress tensor components yields the following von Mises criterion [16].
𝜎!! =

1
𝜎 − 𝜎!!
2 !!

!

+ 𝜎!! − 𝜎!!

!

+ 𝜎!! − 𝜎!!

Where 𝜎!" are the components of stress in the body.
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!

!
!
!
+ 6 𝜎!"
+ 𝜎!"
+ 𝜎!"

(1.11)

By transforming to the state principle stresses, 𝜎!! = 𝜎!" = 𝜎!" = 0, the reduced von Mises
criterion can be defined by
𝜎!! =

1
𝜎 − 𝜎!!
2 !!

!

+ 𝜎!! − 𝜎!!

𝜎! =

!

+ 𝜎!! − 𝜎!!

!

3
𝑠 𝑠
2 !" !"

(1.12)

(1.13)

Where 𝑠!" are the components of the deviatoric stress tensor.
1
𝑠!" = 𝜎!" − 𝜎!!
3

(1.14)

J2 is used in finite element analysis to determine the onset of yield in a material. After the material
has yielded, the deformation is modeled based on material characteristics inputted by the user. A
common method of modeling non-linear materials is using a perfectly elastic-plastic response shown
in Figure 1.7 [17].

Figure 1.7 – Perfectly Elastic-Plastic Material Model [15]

A true representation of a ductile stress-strain curve is overlaid on the idealized elastic-plastic curve.
Once the body yields, the stress remains constant as the strain increases. When the load is removed,
the material relaxes proportional to the elastic modulus. The permanent plastic strain is determined
by the intersection of the release curve and the zero stress condition [18].
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A more accurate non-linear model can be defined using a bilinear isotropic hardening material. This
material is modeled with an elastic modulus as well as a tangent modulus (Figure 1.8). As the
material moves past the yield criterion, the stress becomes proportional to the tangent modulus,
rather than the elastic modulus. Like the perfectly elastic-plastic model, relaxation is proportional to
the original elastic modulus.

Figure 1.8 – Bilinear Material Model [19]

It is not certain if J2 accurately represents material response under high strain rates, such as those
produced in inertial confinement fusion. By replicating the piezoelectric dynamic biaxial
compression experiment using finite element analysis, a comparison can be made between
experimental data and finite element data. This comparison will evaluate the applicability of J2
plasticity in high strain rate scenarios. This work focuses only on the development and results from
finite element analysis, allowing for comparison with experimental results in the future [20, 21].
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Chapter 2: Governing Theory
2.1

Piezoelectric Theory

A piezoelectric material, under an electric potential, responds with an induced strain proportional to
its material properties. This coupling between electric and mechanical response make piezoelectric
materials ideal for actuators, transducers, voltage and frequency generators. The coupling is
associative, meaning an applied electric field can produce strain, and an applied strain can produce
and electric field. The constitutive equations of a piezoelectric material can be seen below [22].
𝑆 = 𝑠! 𝑇 + 𝑑 ! 𝐸

(2.1)

𝐷 = 𝑑 𝑇 + 𝜀! 𝐸

(2.2)

Where 𝑇 and 𝑆 are the stress and stain state, 𝐸 is the electric field, 𝑠! is the compliance
matrix, 𝑑 is piezoelectric strain coefficients, and 𝜀!

is the dielectric permittivity of the

piezoelectric material. Generally, piezoelectric material properties are polarized in the principle
direction denoted 3. The compliance, strain coefficients and dielectric permittivity matrix can be
seen below [22].

𝑠! =

1
𝐸!!
𝑣!"
−
𝐸!!
𝑣!"
−
𝐸!!

𝑣!"
𝐸!!
1
𝐸!!
𝑣!"
−
𝐸!!
−

𝑣!"
𝐸!!
𝑣!"
−
𝐸!!
1
𝐸!!
−

0

0

0

0

0

0

0

0

0

0

0

0

1
𝐺!"

0

0

0

0

0

0
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(2.3)
0

0

0

1
𝐺!"

0

0

0

1
𝐺!"

0
0
0
𝑑 =
0
𝑑!"
0

0
0
0
𝑑!"
0
0

𝑑!"
𝑑!"
𝑑!!
0
0
0

(2.4)

𝜀!!
0
0

0
𝜀!!
0

0
0
𝜀!!

(2.5)

𝜀! =

Where 𝐸 is the Young’s Modulus, 𝑣 is the Poisson’s ratio and 𝐺 is the shear modulus. 𝑑!" and 𝜀!! are
the strain coefficient and dielectric permittivity components respectively. It can be shown that the
piezoelectric stress coefficients, 𝑒 , can be determined by the piezoelectric strain coefficients.
Where 𝑐! is the material stiffness matrix [22].
𝑒 = 𝑠!

!!

𝑑 = 𝑐! 𝑑

(2.6)

Applying the previous equations to the experimental model, the principle components of strain, 𝑆! ,
can be written as follows [4, 23, 24].
𝑆! = 𝑠!! 𝑇! + 𝑠!" 𝑇! + 𝑠!" 𝑇! + 𝑑!" 𝐸!

(2.7)

𝑆! = 𝑠!" 𝑇! + 𝑠!! 𝑇! + 𝑠!" 𝑇! + 𝑑!" 𝐸!

(2.8)

𝑆! = 𝑠!" 𝑇! + 𝑠!" 𝑇! + 𝑠!! 𝑇! + 𝑑!! 𝐸!

(2.9)

Where 𝑠!" are the components of the piezoelectric compliance tensor, 𝑇! are the principle
components of strain, 𝑑!" are the piezoelectric strain coefficients and 𝐸! is the radial electric field.
The electric field is applied instantaneously, therefore 𝑆! = 0. Incorporating simplifications due to
spherical symmetry, 𝑠!! = 𝑠!! , 𝑠!" = 𝑠!" , 𝑠!" = 𝑠!" , the instantaneous radial and transverse stress
can be solved for [4].
𝑇! = 𝑇! = 𝐸! 𝑑!"

1
𝑑!! 2𝑐!"
+ 𝑐!"
+
𝑠!! + 𝑠!"
𝑑!"
𝑐!!
14

(2.10)

𝑇! = −𝐸! (𝑑!! 𝑐!! + 2𝑐!" 𝑑!" )

2.2

(2.11)

Quasi-Steady Acceleration

An approximation of the dynamic response of the inner test shell can be made such that the
acceleration throughout the body is slow enough that the stress field relaxes to uniformity. This
simplification allows the consideration of pressure propagation to be ignored. The equation of
motion of the inner test shell can then be described as
𝑑𝑝
𝑐!!
= 𝑇! −
𝑑𝑡
𝛿𝑟!"#

𝑝
𝑑𝑡
𝜌𝛿𝑟

(2.12)

Where 𝛿𝑟, 𝑝 and, 𝜌 is the thickness, momentum per unit area and density of the inner test shell.
𝛿𝑟!"# is the thickness of the piezoelectric shell [4]. Differentiating again with respect to time, the
equation takes the form of a differential equation with known solution.
𝑑! 𝑝
𝑐!!
=−
𝑝 = −𝑏 ! 𝑝
!
𝑑𝑡
𝜌𝛿𝑟!"# 𝛿𝑟

(2.13)

Applying the boundary condition of zero momentum as well as the force per unit area at time zero,
the momentum per unit area of the inner test shell can be solved for as a function of time [4].
𝑝 0 =0

(2.14)

𝑑𝑝
0 = 𝑇!∅
𝑑𝑡

(2.15)

𝑇!∅
𝑠𝑖𝑛 𝑏𝑡
𝑏

(2.16)

𝑝=

The previous equation is only valid as long as the radial stress in the piezoelectric shell remains
compressive. After some time, a void will open between the piezoelectric shell and the inner test
shell. The test shell then moves radially inwards, dissipating kinetic energy into plastic work [4].
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2.3

Plastic Work

As the test shell coasts inwards after separation, the kinetic energy imparted to it by the piezoelectric
shell is transformed into plastic work. The strain tensor for a thin shell under radial compression is
shown below [4].
dδr
δr
u =

0

0

0

−dδr
2δr

0

0

0

(2.17)

−dδr
2δr

Where δr is a small radial element. The plastic work for an elemental length can then be determined
by multiplying the stress and the strain tensors, noting that for plastic deformation, the stress is
equal to the yield stress [4].
dW = u ∙ σ = −Y!

dδr
δr

(2.18)

Integrating with respect to the radius, the plastic work done by the inner test shell is dependent on
the material yield strength, the initial shell radius and final shell radius [4].
W=

dW = 2Y! ln
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R!
R!

(2.19)

Chapter 3: Finite Element Modeling
3.1

Background and Complications

SIMULIA Abaqus FEA and ANSYS were both used in conjunction in order to capture the full
experiment accurately. In the academic version, Abaqus provides the user with the ability to model
piezoelectric materials. However, the number of nodes is limited, only linear elements are available
for use in a piezoelectric dynamic analysis and non-linear material properties must be entered
individually. ANSYS provides a greater number of nodes as well as a large selection of non-linear
materials; however, the academic version does not provide support for piezoelectric simulation.
Therefore, for convenience and accuracy, the piezoelectric shell is first modeled using Abaqus. The
piezoelectric electro-mechanical response is then mapped to an equivalent temperature gradient and
thermal strain.
This resulting temperature gradient, representative of the strain field seen by the piezoelectric
material, is applied in ANSYS using a steady-state thermal simulation. The mechanical response due
to the applied temperature gradient is then imported as an instantaneous pre-stress, which is coupled
to a transient, implicit structural analysis of the entire three-shell system [25, 26].
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3.2

Geometry and Materials

The geometry was modeled using a 2-D axisymmetric quarter shell [27]. The three separate bodies
are the inner test shell, the middle piezoelectric shell and the outer containment shell. These three
bodies are denoted “Inner”, “PZT” and “Outer” respectively. The initial dimensions can be seen in
Table 3.1 [4].
Table 3.1 Shell Dimensions

Dimension

Inner

PZT

Outer

Inner Radius (mm)

9.5

10

15

Outer Radius (mm)

10

15

20

The inner test shell was modeled as a bilinear copper alloy. The outer shell was modeled as a bilinear
structural steel. Both of these materials were selected from the ANSYS material library and are listed
in Table 3.2 and 3.3 [25].
Table 3.2 Non-Linear Material Properties

Material

Density
(kg/m3)

Young’s

Poisson’s

Modulus

Ratio

(GPa)

Bulk

Shear

Modulus

Modulus

(MPa)

(MPa)

Copper Alloy
8300

110

0.34

114.58

41.045

7850

200

0.3

166.67

76.923

NL
Structural
Steel NL
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Table 3.3 Non-Linear Bilinear Isotropic Hardening Properties

Material

Yield Strength (MPa)

Tangent Modulus (GPa)

Copper Alloy NL

280

1.150

Structural Steel NL

250

1.450

The piezoelectric material was modeled using PZT4 material properties seen in the Table 3.4 [28].
Table 3.4 PZT4 Material Properties

Property

Symbol

Value

Density

𝜌

7500 kg/m

Elastic Modulus in Radial Direction

𝐸!!

64.51 GPa

Elastic Modulus in Transverse Direction

𝐸!! = 𝐸!!

81.3 GPa

Poisson’s Ratio 1

𝑣!" = 𝑣!"

0.3293

Poisson’s Ratio 2

𝑣!" = 𝑣!"

0.4317

Poisson’s Ratio 3

𝑣!" = 𝑣!"

0.3426

Shear Modulus

𝐺!" = 𝐺!" = 𝐺!"

25.64 GPa

Piezoelectric Radial Stress Coefficient

𝑒!!

-15.08 C/m2

Piezoelectric Transverse Stress Coefficient

𝑒!" = 𝑒!"

5.207 C/m2

Piezoelectric Shear Stress Coefficient

𝑒!"

12.71 C/m2

Radial Dielectric Permittivity

𝜀!!

5.872x10-9 f/m

Transverse Dielectric Permittivity

𝜀!! = 𝜀!!

6.752x10-9 f/m
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3.3

Abaqus Simulation

3.3.1

Mesh

The piezoelectric simulations in Abaqus used an 8-node biquadratic axisymmetric piezoelectric
quadrilateral element. The thermal simulations used an 8-node axisymmetric thermally coupled
quadrilateral. There are 182 total elements. The mesh was generated automatically (Figure 3.1).

Figure 3.1 – Abaqus Simulation Mesh and Geometry
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3.3.2

Piezoelectric Analysis

The coupled electro-mechanical static response of a piezoelectric material under an electric field can
be determined numerically within Abaqus using the piezoelectric element type. The static mechanical
stress induced by an electric field can be defined by the piezoelectric stress coefficients or by the
piezoelectric strain coefficients [29].
!
𝜎!" = 𝐷!"#$
𝜀!" − 𝑒 ! ! !" 𝐸!

(3.1)

!
𝜎!" = 𝐷!"#$
𝜀!" − 𝑑 ! ! !" 𝐸!

(3.2)

!
Where 𝜎!" is the mechanical stress tensor, 𝜀!" is the strain tensor and 𝐷!"#$
is the materials elastic

stiffness matrix defined at zero electric potential gradient under the short circuit condition. 𝑒 ! ! !" is
the piezoelectric stress coefficient, 𝑑 ! ! !" is the piezoelectric strain coefficient, 𝜑 is the electric
potential and 𝐸! is the electric potential gradient vector defined by

3.3.3

!!"
!!!

[29].

Piezoelectric Boundary Conditions

Symmetry constraints were placed on the horizontal and vertical edges of the quarter shell. A nonzero electric potential was applied to the outer surface, 𝑟! . On the inner surface, 𝑟! , the electric
potential was set to zero. These boundary conditions can be represented in the respective equations
below, where 𝑢! is the displacement in the normal direction, 𝑉 is the applied voltage and 𝜑 is the
electric potential.
𝑢! 𝑟,

𝜋
= 𝑢! 𝑟, 0 = 0
2

𝜑 𝑟! = 𝑉

𝜑 𝑟! = 0
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(3.3)
(3.4)

The non-linear radial electric potential distribution across the piezoelectric shell is illustrated in
Figure 3.2.

Figure 3.2 – Radial Distribution of Electric Potential

3.3.4

Thermal Analysis

The piezoelectric stress coefficients were transformed into strain coefficients and inputted as
orthotropic thermal expansion coefficients.
𝛼!! = 𝑑!"
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(3.5)

The elastic material properties remained unchanged. Due to the non-linear radial distribution of an
electric field across the thickness of a hollow sphere, a constant body temperature was not sufficient
[24].
Consequently, an iterative approach was used to determine the inner and outer surface temperature
boundary conditions, which resulted in an analytical mapping of the piezoelectric strain field to a
thermal state. The mechanical and thermal solutions for a coupled state are solved simultaneously in
Abaqus. The mechanical stress caused by a change in temperature can be determined using the
equation below [30].
!
𝜎!" = 𝐷!"#$
𝜀!" − 𝛼!! 𝛥𝑇

(3.6)

The steady-state radial temperature distribution in an axisymmetric hollow sphere can be determined
from the one-dimensional heat equation [31].
1 𝜕
𝜕𝑇
𝑘𝑟
=0
𝑟 𝜕𝑟
𝜕𝑟

(3.7)

In order to solve for mechanical and thermal stresses simultaneously Abaqus uses the Newton–
Raphson method in order to iterate and converge on a solution. The coupled equations in matrix
form are
𝐾!!
𝐾!"

𝐾!"
𝐾!!

𝑅
𝛥𝑢
= !
𝑅!
𝛥𝑇

(3.8)

Where 𝑅! and 𝑅! are the residual mechanical and thermal vectors, 𝐾!" are submatricies of the
Jacobian and 𝛥𝑢 and 𝛥𝑇 are iterative corrections to displacement and temperature [30].
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3.3.5

Thermal Boundary Conditions

As before, symmetry constraints were placed on the horizontal and vertical edges of the quarter
shell. An outer temperature 𝑇! was applied to the outer surface, 𝑟! . An inner temperature 𝑇! was
applied to the inner surface, 𝑟! . These thermal boundary conditions are represented by the equations
below [31].
𝑇 𝑟! = 𝑇!

3.3.6

𝑇 𝑟! = 𝑇!

(3.9)

Mapping

Results of the thermal mapping can be seen in Figure 3.3, 3.4 and 3.5. Data was collected radially at
evenly spaced points from both the piezoelectric and thermal simulation. The mesh and geometry
remained the same for both cases. Only the element type and boundary conditions were changed.

Figure 3.3 – Piezoelectric to Thermal Mapping – 𝜺𝒓𝒓
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Figure 3.4 - Piezoelectric to Thermal Mapping – 𝜺𝜽𝜽

Figure 3.5 - Piezoelectric to Thermal Mapping – 𝒖𝒓𝒓
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3.4

ANSYS Simulation

3.4.1

Mesh

A full three-body mesh was used for the ANSYS analysis. The piezoelectric material properties
remained unchanged from the previous simulations. Automatic face meshing was used with a hard
element size restriction in place. The inner shell was set to a size of 0.10 mm, the PZT to 0.40 mm
and outer shell to 0.80 mm. Non-contact elements were made up of PLANE183 axisymmetric 8node quadrilaterals. CONTA172 and TARGE169 3-node elements define the surface-to-surface
contact regions. The global mesh has a mean metric quality of 0.99623 and standard deviation of
0.00572. The mesh, geometry and a detailed graph of mesh quality can be seen in the Figure 3.6 and
3.7 [25].

Figure 3.6 – ANSYS Simulation Mesh and Geometry
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Figure 3.7 – ANSYS Mesh Quality

3.4.2

Thermal Pre-Stress

The previously determined thermal boundary conditions were applied across the PZT shell, while
the inner and outer shell remained insulated from heat transfer [31]. A steady-state static solution
was determined for the temperature conditions and applied as an instantaneous pre-stress in a
transient dynamic model. This instantaneous thermal strain is analogues to an instantaneous electric
field applied to the model.

3.4.3

Transient Dynamic Analysis

An implicit analysis was used to determine the dynamic response of the system due to the
instantaneous strain field experienced by the PZT shell. The basic governing equation for transient
dynamics is seen below. 𝑚, 𝑐, and 𝑘 are the mass, damping and stiffness matrix of the system. 𝑢, 𝑢
and 𝑢 are the nodal acceleration, velocity and displacement vectors. 𝐹 𝑡 is the load vector as a
function of time [32, 33].
𝑚 𝑢 + 𝑐 𝑢 + 𝑘 𝑢 = 𝐹(𝑡)
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(3.10)

The implicit analysis uses a small integration time step, converging to equilibrium before proceeding
on. Accuracy is dependent on the size of the integration time step. The Hilber-Hughes-Taylor
(HHT) method of integration is used in this simulation. HHT is preferred over the Newmark
method due to its allowance for energy dissipation and second order accuracy, however the method
can become unstable [32, 33]. The original nodal kinematic terms in Equation 3.9 are substituted for
as follows
𝑚 𝑢!!!!!! + 𝑐 𝑢!!!!!! + 𝑘 𝑢!!!!!! = 𝐹 ! (𝑡!!!!!! )

(3.11)

𝑢!!!!!! = 1 − 𝛼! 𝑢!!! + 𝛼! 𝑢!

(3.12)

𝑢!!!!!! = 1 − 𝛼! 𝑢!!! + 𝛼! 𝑢!

(3.13)

𝑢!!!!!! = 1 − 𝛼! 𝑢!!! + 𝛼! 𝑢!

(3.14)

!
𝐹 ! (𝑡!!!!!! ) = 1 − 𝛼! 𝐹!!!
+ 𝛼! 𝐹!!

(3.15)

Where 𝑛 is the nodal value at the current integration time step. Substituting into Equation 3.9, the
equation of motion becomes the solvable finite difference formula
𝑎! 𝑚 + 𝑎! 𝑐 + 1 − 𝛼! 𝑘 𝑢!!! =
!
1 − 𝛼! 𝐹!!!
+ 𝛼! 𝐹!! − 𝛼! 𝑘 𝑢! + 𝑚 𝑎! 𝑢! + 𝑎! 𝑢! + 𝑎! 𝑢!

…

(3.16)

+ 𝑐 𝑎! 𝑢! + 𝑎! 𝑢! + 𝑎! 𝑢!
Where 𝑢! , 𝑢! , 𝑢! and 𝐹!! are known at 𝑡 = 0. The coefficients are defined as
𝑎! =

1 − 𝛼!
𝛼𝛥𝑡 !

1 − 𝛼! 𝛿
𝛼𝛥𝑡
1 − 𝛼!
𝑎! = 𝑎! 𝛥𝑡 =
𝛼𝛥𝑡
1 − 𝛼!
𝑎! =
−1
2𝛼
𝑎! =

1 − 𝛼! 𝛿
−1
𝛼
𝛿
𝑎! = 1 − 𝛼!
− 1 𝛥𝑡
2𝑎
𝑎! =
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(3.17)
(3.18)
(3.19)
(3.20)
(3.21)
(3.22)

Where 𝛼, 𝛿, 𝛼! and 𝛼! are numerical integration parameters which can be controlled by a single
parameter, 𝛾, the amplitude decay factor. The numerical integration parameters are then
1
1+𝛾
4
1
𝛿 = +𝛾
2

𝛼=

!

(3.23)
(3.24)

𝛼! = 𝛾 ≥ 0

(3.25)

𝛼! = 0

(3.26)

Equations 3.22 to 3.25 result in unconditional stability. In general, the ANSYS program solver
automatically selects stable parameters. The HHT integration parameters for this simulation are
shown in Table 3.5.
Table 3.5 HHT Integration Parameters

𝜸

𝜶

𝜹

𝜶𝒇

𝜶𝒎

0.10

0.3025

0.60

0.10

0

The use of a plasticity model requires an additional iteration procedure on top of the already listed
transient iteration. In order to converge on a non-linear solution at each load step, the NewtonRaphson approach is used. For each step, the loads that correspond to the element stresses are
evaluated against the external applied loads. The difference is known as the out-of-balance load
vector. ANSYS performs a linear solution at each step using the out-of-balance load and compares
it to the program controlled acceptable tolerance. If the out-of-balance load vector is within
acceptable levels, the step has converged. If convergence is not achieved, the out-of-balance load
vector is iterated upon until convergence or simulation failure. The default acceptable error in the
ANSYS program solver is generally between 0.1 and 0.5% and can vary from step to step within the
simulation [25].
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The system contains multiple separate bodies; therefore, contact conditions must be imposed. Since
the shells are modeled using spherical symmetry, a frictionless contact configuration was used
between the inner and PZT surface, as well as the PZT and outer surface. ANSYS models
frictionless contact similar to standard unilateral contact, allowing separation to occur between
bodies [25]. Compatibility is enforced at the contact regions using a program controlled non-linear
Augmented Lagrange Formulation [25]. The Augmented Lagrange Formulation is a penalty method
based on element contact stiffness, the amount of penetration between contact/target pairs and the
parameter 𝜆. The normal force is defined as
𝐹! = 𝑘! 𝑋! + 𝜆

(3.27)

Where 𝑘! is the element contact stiffness and 𝑋! is the amount of penetration [25].
Due to the dynamic nature of the simulation, damping effects are taken into consideration. Energy
can be dissipated through friction between bodies, friction between bodies and a surrounding
medium and as internal friction. Friction between bodies and their surroundings, known as viscous
damping, is neglected in these simulations. Likewise, due to the spherical symmetry of the problem,
friction between bodies, or coulomb damping, can also be neglected. Therefore, the only source of
damping in this simulation is material damping [25].
ANSYS simplifies material damping by assuming the damping force is proportional to nodal
velocities.
𝐹! = 𝑐𝑢

(3.28)

Where 𝐹! is the material damping force and 𝑐 is the damping coefficient. Material damping is not an
intrinsic material property and therefore must be represented as a function of material mass and
stiffness.
𝑐 = 𝛼𝑚 + 𝛽𝑘
Where 𝛼 and 𝛽 are inputted parameters, generally controlled by the program solver [25].
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(3.29)

3.4.4

Boundary Conditions

The previous symmetry and temperature boundary conditions remain unchanged in this analysis.
Additionally, insulated surface conditions were applied in order to prevent heat transfer in the prestress analysis. The insulated surface can be modeled by the equation below [30].
𝑑𝑇
𝑑𝑇
𝑟! =
𝑟 =0
𝑑𝑟
𝑑𝑟 !
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(3.30)

Chapter 4: Finite Element Analysis Results
4.1

Time Course History

The inner, PZT and outer shell average radial displacement is plotted versus time during the initial
instantaneous acceleration and dynamic response thereafter (Figure 4.1). An instantaneous applied
voltage of 1,000 kV is sufficient enough to induce plastic flow of the inner shell. The dynamic
response is recorded for the 3x10-5 seconds.

Figure 4.1 – Deformation Time History
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4.2

Voltage Dependence

4.2.1

Response Time

Figure 4.2 below shows the time course history and response time of the inner shell to three
different magnitudes of electric potential with the initial geometric configuration.

Figure 4.2 – Voltage Dependent Response Time
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4.2.2

Final Inner Shell Deformation

The relationship between applied voltage and the final deformation state of the inner shell can be
seen in the Figure 4.3. The initial thickness of the inner test shell was varied from 0.5 mm to 2 mm.
The PZT and outer shell geometry remained unchanged. The change in average radius was nondimensionalized by the constant outer radius of the inner test shell. The applied voltage was nondimensionalized by the radial piezoelectric strain coefficient and the constant outer radius of the
inner test shell.

Figure 4.3 – Voltage vs. Radial Displacement
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4.2.3

Final Inner Shell Thickness

The volume of a body undergoing plastic deformation is conserved. The change in thickness of the
inner shell with respect to increasing applied voltage can be seen in Figure 4.4. The initial thickness
of the inner test shell was varied from 0.5 mm to 2 mm. The PZT and outer shell geometry
remained unchanged. The change in average radius was non-dimensionalized by the constant outer
radius of the inner test shell. The applied voltage was non-dimensionalized by the radial piezoelectric
strain coefficient and the constant outer radius of the inner test shell.

Figure 4.4 – Voltage vs. Test Shell Thickness
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4.2.4

Buckling

For the initial test shell thickness of 0.25 mm, an applied voltage of 1,000 kV is sufficient to induce
instability and result in plastic buckling due to numerical error. Figure 4.5 shows the final buckled
state. No other case resulted in buckling. Additional comments about instability of slender shells can
be found in Chapter 5.3.

Figure 4.5– Inner Test Shell Buckling
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4.3

Plastic Strain

The plastic strain of the inner test shell can be seen in Figure 4.6

Figure 4.6 – Inner Shell Plastic Strain
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4.4

Verification and Validation

It is important when using numerical simulation and finite element modeling to show that the errors
introduced into the system are small. In this subsection, verification and validation of the finite
element model is taken into account.

4.4.1

Verification

Verification is the process of ensuring the mathematical model is being solved correctly and
accurately. In both solution programs, quadratic shape functions were used. Due to the spherical
nature of the geometry, the 2nd order polynomial cannot be mapped to a circular geometry exactly.
In order to reduce the error of discretization and mapping, a refined mesh is used in areas of large
stress, deformation and curvature. However, there is a trade off between mesh refinement and
computational time. The density of mesh must be chosen so that it is within the acceptable range of
error while maintaining feasible computational time.
Theoretically, the discretized numerical solution approaches the exact solution as the number of
degrees of freedom approaches infinity. A mesh refinement study can be used in order to show the
convergence of a solution as mesh density is increased. The simulation was solved using four
different mesh densities, seen in the Table 4.1. Figure 4.7 shows that after a sufficient amount of
degrees of freedom, the solution remains consistent regardless of increasing mesh density, indicating
a converged solution. This information can also be used to increase computational efficiency while
remaining confident in the degree of accuracy of the solution.
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Table 4.1 Mesh Convergence Study

Mesh

Inner Element
Area (mm)

PZT Element
Area (mm)

Outer Element
Area (mm)

Nodes

Mesh 1

1

2

4

238

Mesh 2

0.5

1

2

653

Mesh 3

0.25

0.5

1

2208

Mesh 4

0.1

0.25

0.5

8916

Figure 4.7 – Mesh Convergence
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Due to the implicit nature of the dynamic simulation, the ANSYS Mechanical solver iterates at a
certain time integration steps until the residual force in the system has been reduced to an acceptable
level. In the case of the time step being insufficiently large or the solver reaching an iteration limit
before the residual force vector drops below acceptable levels, the solution fails. The force
convergence plot for the dynamic ANSYS simulation can be seen in Figure 4.8. The plot is
condensed due to the high number of iterations, but it is clear to see convergence was achieved at
each sub step without bisection or failure.

Figure 4.8 – Force Convergence
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Errors of idealization exist in both numerical simulations. Errors of idealization are introduced into
the system when physical reality is reduced to problems that can be solved by mathematical models.
The assumption of perfect spherical symmetry is not valid outside of numerical methods due to the
possibility of perturbations or imperfections in the manufacturing and fabrication of these shells for
experiment. Additionally, the assumption of isotropic or orthotropic materials is not perfectly valid.
However, these errors of idealization are small and allow the experiment to modeled in a simplified
method, saving on computational time and improving numerical accuracy.

4.4.2

Validation

Validation is the process of ensuring the mathematical model being solved is representative of the
true physical reality. Validation is normally done through the comparison of experimental and
numerically produced data. Unfortunately, this experiment has not yet been completed, and
validation cannot yet be completed.

4.5

Discussion

The results of the numerical simulation are promising with respect to the piezoelectric biaxial
compression experiment. By applying an instantaneous voltage across a piezoelectric shell, it is
possible to fire a test shell radially inwards with sufficient energy to cause plastic flow. By measuring
the final deformation of the inner shell, the strength of materials under high strain rates in biaxial
compression can be determined.

4.5.1

Deformation

The time course history plot shows the interaction of the three shells from the time contact is
initiated until the shells no longer influence each other. The inner shell is seen to accelerate inwards
after being compressed by the piezoelectric shell. The test shell reaches its peak around 1.33x10-5
seconds, before all kinetic energy has been dispersed into plastic work. The inner test shell continues
to oscillate elastically about its final deformation point, until being damped out.
The piezoelectric shell continues to oscillate about a compressed radius, since the electric field is not
removed for the duration of the simulation. In reality, the electric potential would not be constant
after the instantaneous application and would most likely be removed entirely. It is possible that in
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the event of a sudden drop in electric potential, the change in stress state could cause the
piezoelectric shell to shatter. This is not an experimental concern however, as the outer shell serves
as a containment device in this instance.
The outer shell is ejected radially outwards at the onset of the instantaneous voltage, although the
magnitude of deformation is much smaller than that of the inner test shell. Surprisingly, the outer
test shell also experiences plastic deformation, with its final deformed radius being larger than the
initial radius.
The maximum strain rate of the inner shell can be calculated using the data collected from the finite
element analysis. For the geometry given and a 1,000 kV potential placed across the piezoelectric
shell, the maximum strain rate can be calculated as
𝜀!"# =

𝜕𝜀
𝜕𝑡

!"#

= 2.25×10! 𝑠 !!

(4.1)

This result clearly illustrates the promise of such an experiment, as there is no experimental method
that is in use today that can theoretically produce such high strain rates in stable biaxial compression

4.5.2

Electric Potential

Several simulations were run with varying electric potential in order to determine the relationships
between voltage magnitude and plastic deformation. The initial geometry remained unchanged
during these cases. The magnitude of the initial deformation peak and final inner shell deformation
varied linearly with increasing voltage. The plot of final deformation vs. voltage shows the required
power supply needed to achieve such deformations.
Due to conservation of volume in plastic deformation, the thickness of the inner shell increased as
the final deformation increased. The relationship between applied voltage and final inner shell
thickness appears to be quadratic.
The maximum applied voltage in numerical simulation was 1,000 kV, well within the realm of
experimental possibility. The inner test shell continued to show plastic response well below 100 kV.
At 10 kV, the response was no longer plastic.
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4.5.2

Plasticity

The finite element model utilized a bilinear isotropic hardening model. The strain experienced by the
inner shell incorporated both the elastic and plastic regime. It can be seen from the plot of the
plastic strain that the inner shell continues to deform plastically until it reaches peak response.
There, the plastic strain remains permanent even with no outside force acting on the shell.
Oscillations remain about a neutral point due to the elastic unloading of the shell. The maximum
plastic strain experienced under an applied voltage of 1,000kV is calculated as
ε!!"# = 1.184 = 118.4%

4.6

(4.2)

Conclusion

The numerical simulation of a piezoelectric driven biaxial compression apparatus provides firm
background and proof of concept on which a physical experiment may be built around. The finite
element analysis shows promising results in the areas of plastic deformation and strength of
materials under high strain rates.
Applying a large electric potential across the inner and outer radius of a radially polarized
piezoelectric shell can cause quasi-instantaneous deformation. A thick outer shell encases the
piezoelectric, providing containment and reflection of radial expansion outwards. The rapid
deformation of the piezoelectric shell is sufficient to accelerate a thin nested test shell inwards. The
test shell dissipates kinetic energy into plastic deformation, which can be recorded and analyzed.
For a steel outer shell, PZT4 piezoelectric shell and copper alloy inner test shell, under an
instantaneous applied electric potential of 1,000 kV, the inner test shell experienced a maximum
strain rate of 2.25 x105 s-1, a maximum plastic strain of 1.184 and a final average radial deformation
of 3.85 mm inwards.
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Chapter 5: Future Outlooks
5.1

Integrated Modeling

With the use of the full commercial license of ANSYS, an integrated piezoelectric material could be
used in replace of the thermally mapped model. Although the thermal and piezoelectric models are
equivalent, it is tedious to map piezoelectric material properties to a thermal state. Modeling the true
piezoelectric material allows changes and optimizations to be made quickly and efficiently.

5.2

Geometric and Material Variation

Although the voltage and test shell thickness was varied in this study, the original PZT and outer
shell geometric parameters remained unchanged. In order to better understand the relationship
between voltage and deformation, the initial thickness of all three shells can be varied. These
changes in thickness as well as a varying voltage will result in various “phases” or boundaries
between plastic, elastic and a buckling response. Additionally, the test shell material can be varied as
well. A variance in material properties in combination with the final deformation state can be used
to deduce the strength of a material under a biaxial compressive load.

5.3

Plastic Buckling

Poor fabrication and eccentric loading may often produce perturbations in the test shells, which
could result in buckling during the experiment. These perturbations can lower the critical buckling
load of the experimental shells considerably. In future work, it is possible to perform numerical
simulation to determine the critical buckling load of a geometry that includes a perturbation.
Specifically, perturbations that follow the shape of Legendre polynomials can be used to induce
axisymmetric buckling at sufficient voltage and slenderness. These Legendre polynomial harmonics
can be seen in Figure 5.1. As the inner test shell is in the plastic regime for the entire duration of
deformation, data collected from buckled inner shell can provide insight into structural stability at
high strain rates in nonlinear regimes.
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Figure 5.1 – Legendre Polynomial Spherical Harmonics

5.4

Experimental Comparison

The comparison between numerical data obtained in this work and that of future experiments will
give insight into the applicability of J2 plasticity in high strain rate environments. Valid discrepancy
between numerical simulation and experimental data could result in an improved understanding of
material deformation theory and pave the way for accurate modeling of inertial confinement fusion
and other biaxial compression systems.
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